The value of the quarkonium wave function at the origin is an important quantity for studying many physical problems concerning a heavy quarkonium. This is because it is widely used to evaluate the production and decay amplitudes of the heavy quarkonium within the effective field theory framework, e.g., the nonrelativistic QCD (NRQCD). In this paper, the values of the Schrödinger radial wave function or its first nonvanishing derivative at zero quark-antiquark separation, i.e., |(|cc) 
I. INTRODUCTION
Among the heavy quarkona, the B c meson being the unique meson with two different heavy quarks in the Standard Model has aroused great interest since its discovery by the CDF collaboration [1] . Although the "direct" hadronic production of the B c meson has been systematically studied in Refs. [2] [3] [4] [5] [6] [7] , as a compensation to understand the production mechanism and the B c meson properties, it would be helpful to study its production "indirectly" through t(t)-quark, Z 0 -boson, and W ± -boson decays, as too many directly produced B c events shall be cut off by the trigging condition [8, 9] . A systematical study on the indirect production of B c mesons through t(t)-quark, Z 0 -boson, and W ± -boson decay can be found in Refs. [10, 11] , Refs. [12] [13] [14] [15] , and Refs. [16, 17] , respectively. Meanwhile, it has been found that the higher excited states like nS and nP wave states can provide sizable contributions in the B c meson's indirect production through W ± -boson decay in Ref. [18] ; one should take these higher Fock states' contributions into account so as to make a better estimation with other indirect production mechanisms. Therefore, to present a systematic study on higher Fock states' indirect production of B c meson indirect production through top quark decays under the nonrelativistic quantum chromodynamics framework (NRQCD) [19] is one of the purposes of the present paper.
With the LHC running at the center-of-mass energy √ S = 14 TeV and luminosity raising up to L ∝ 10 34 cm −2 s −1 , about 10 8 t-quark ort-quark events per year will be produced [4, 5] . This makes the LHC * Electronic address: xiaosueer@163.com much better than Tevatron, since more t(t)-quark rare decays can be adopted for precise studies. A systematic study on the production of theB c or B c meson and its excited states via t-quark ort-quark decays, e.g. t → |(bc)[n] + cW + ort → |(bc)[n] +cW − , can be found in Refs. [10, 11] , where n = 1S, 1P wave states. Their results show that large number of heavy quarkonium events through top quark decays can be found at LHC(SLHC, DLHC, and TLHC, etc. [20] ), so these channels shall be helpful for studying heavy quarkonium properties. In addition to the production of the two colorsinglet S wave states |(bQ)(n 1 S 0 ) and |(bQ)(n 3 S 1 ) , naive NRQCD scaling rule shows that the production of the four color-singlet P -wave states |(bQ)(n 1 P 1 ) and |(bQ)(n 3 P J ) (with J = 0, 1, 2; n = 1, · · · , 6) shall also give sizable contributions in t → |(bQ)[n] +W + Q , where Q stands for c or b quark accordingly. These higher excited |(bQ)[n] quarkonium states, may directly or indirectly (in a cascade way) decay to its ground state with almost 100% possibility via electromagnetic or hadronic interactions. So, it would be interesting to study higher Fock states' contributions so as to make a more sound estimation of the production of the heavy quarkonium through top quark decays, and hence to be a useful reference for experimental studies.
In the framework of an effective theory of the NRQCD, a doubly heavy meson system is considered as an expansion of various Fock states. The relative importance among those infinite ingredients is evaluated by the velocity scaling rule. In evaluating the production and decay amplitude of the heavy quarkonium, each factor can be separated into a short-distance factor and a long-distance coefficient. The short-distance factor can be computed using perturbative quantum chromodynamics (pQCD), and the long-distance factor is associated with quarkonia structure, which is expressed in terms of nonperturbative matrix elements O H (n) . The matrix elements O H (n) can be expressed in terms of the meson's nonrelativistic wave function, or its derivatives, evaluated at the origin under the color-singlet model [21] , and the wave function is identified with the Schrödinger wave function calculated in potential models for heavy quarkonium. As a result, the rigorously calculated nonrelativistic wave function at the origin is very important in studying heavy quarkonium decay and production.
Because of the emergence of massive fermion lines in t → |(bQ)[n] + W + Q, the analytical expression for the squared amplitude becomes too complex and lengthy. For such complicated processes, one important way out is to deal with it directly at the amplitude level. For this purpose, the "improved trace technology" suggested and developed by Refs. [2, [11] [12] [13] [14] shows that the hard scattering amplitude can also be expressed by the dot products of the concerned particle momenta like that of the squared amplitudes. In the present paper, we shall adopt improved trace technology to derive the analytical expression for all the mentioned Fock states, and to be a useful reference, we shall transform its form to be as compact as possible by fully applying symmetries and relations among them.
This paper is organized as follows: In Sec. II, we show our calculation techniques for the mentioned top quark semi exclusive decays to heavy quarkonium. In order to calculate the production of the excited heavy quarkonium via top quark decays, we present five QCDmotivated potential models for heavy |(QQ ′ )[n] quarkonium in Sec.III. In Sec.IV, we calculate and tabulate all the values of the Schrödinger radial wave functions, its first nonvanishing derivative, and its second nonvanishing derivative at zero quark-antiquark separation. Furthermore, we also present numerical results and make some discussions on the properties of the heavy quarkonium production through top quark decays. The final section is reserved for a summary.
II. CALCULATION TECHNIQUES
We shall deal with some typical top quark semiexclusive processes for the heavy quarkonium production, i.e.,
, where q i (i = 0, 1, 2, 3) are the momenta of the corresponding particles. According to the NRQCD factorization formula [19] , its total decay widths dΓ can be factorized as
where the nonperturbative matrix element O H (n) describes the hadronization of a bQ pair into the observable quark state H and is proportional to the transition probability of the perturbative state bQ into the bound state |(bQ) [n] . As for the color-singlet components, the matrix elements can be directly related to the Schrödinger wave functions at the origin for the S wave states, the first derivative of the wave functions at the origin for the P wave states, or the second derivative of the wave functions at the origin for the D wave states [19] , which can be computed via potential NRQCD (pNRQCD) [8, 22] , lattice QCD [23] and/or the potential models [24] [25] [26] [27] [28] .
The short-distance decay widths are given by
where means that we need to average over the spin and color states of the initial particle and to sum over the color and spin of all the final particles.
In the top quark rest frame, the three-particle phase space can be written as
We have done a calculation to simplify the 1 → 3 phase space with massive quark/antiqark in the final state in Refs. [11, 13, 29] . To shorten the paper, we shall not present it here and the interested reader may turn to these three references for the detailed technology. With the help of the formulas listed in Refs. [11, 13, 29] , one can not only derive the whole decay widths but also obtain the corresponding differential decay widths that are helpful for experimental studies, such as dΓ/ds 1 , dΓ/ds 2 , dΓ/d cos θ 12 , and dΓ/d cos θ 13 , where
2 , θ 12 is the angle between q 1 and q 2 , and θ 13 is the angle between q 1 and q 3 .
In particular, the partial decay widths over s 1 and s 2 can be expressed as
where m t is the mass of the top quark. The color-singlet nonperturbative matrix element O H (n) can be related to the Schrödinger wave function ψ (bQ) (0) at the origin or the first derivative of the wave function ψ ′ (bQ) (0) at the origin for S-and P -wave quarkonium states. For convenience, we have adopted the convention of Refs. [8, 19] for the nonperturbative matrix element.
Since the spin-splitting effects are small, we will not distinguish the difference between the wave function parameters for the spin-singlet and spin-triplet states at the same nth level. And then our task is to deal with the hard-scattering amplitude for specified processes For convenience, we shorten the two processes as
, where Q stands for c or b quark accordingly. The Feynman diagrams of the process are presented in Fig. 1 , where the intermediate gluon should be hard enough to produce a cc pair or bb pair, so the amplitude is pQCD calculable.
These amplitudes can be generally expressed as
where m stands for the number of Feynman diagrams, s and s ′ are spin states, and i and j are color indices for the outing Q quark and the initial top quark, respectively. The overall factor C = δ ij , here V tb is the CabibboKobayashi-Maskawa (CKM) matrix element. A n 's in the formulas are listed in Ref. [11] .
As mentioned above, we adopt the improved trace technology to simplify the amplitudes M ss ′ at the amplitude level. In a difference from the helicity amplitude approach [7, [30] [31] [32] , only the coefficients of the basic Lorentz structures are numerical at the amplitude level. However, by using the improved trace technology in Refs. [11-14, 17, 18] , one can sequentially obtain the squared amplitudes, and the numerical efficiency can also be greatly improved. The standard procedures of the improved trace technology for
have been presented in Ref. [11] .
III. POTENTIAL MODEL
Nonperturbative matrix elements O H (n) can be related to the wave function at the origin [19] . In the rest frame of the |(QQ ′ )[n] quarkonium, it is convenient to separate the Schrödinger wave function into radial and angular pieces as
where n is the principal quantum number, and l and m are the orbital angular momentum quantum number and its projection. R nl (r) and Y lm (θ, ϕ) are the radial wave function and the spherical harmonic function accordingly. Further on, the value of the radial wave function, its first nonvanishing derivative or its second nonvanishing derivative at the origin can be obtained as in [19] 
where l = 0, l = 1, and l = 2 correspond to the radial wave functions
(0), and
(0) at the origin. (0) at the origin, accordingly.
. (10) Next, we will give a brief introduction to the five QCDmotivated potentials that give reasonable accounts of the
(1) Buchmüller and Tye have given the QCDmotivated potential (B.T. potential) with two-loop correction [25, 33, 34] as
and
3 n f , where here n f is the number of active flavor quarks. Λ MS stands for the scale parameters, and M S is the modified minimal subtraction scheme. The parameter λ = ( 3β0k 8π ) 1/2 can be expressed in terms of the string constant k. And
where l = 24, and γ E = 0.5772 is the Euler constant. ρ(q 2 ) is a physical quantity and therefore independent of the choice of gauge and the subtraction scheme. For small values of q 2 , it has the form of
for large q 2 , perturbative QCD implieŝ
Here q is the transfer momentum in the rest frame of the
The QCD-motivated potential with one-loop correction is given by John L. Richardson (J. potential) [35] as
where
(3) The QCD-motivated potential with two-loop correction is given by K. Igi and S. Ono (I.O. potential) [36, 37] as
, where n f has the same meaning of the first potential model, and m Q or m Q ′ is the mass of the heavy quark Q or Q ′ , accordingly.
(4) The QCD-motivated potential with two loop correction is given by Yu-Qi Chen and Yu-Ping Kuang (C.K. potential) as [28, 37] 
where Λ I MS = 0.18GeV .
(5) The QCD-motivated Coulomb-plus-linear potential (Cor. potential) [24, 34, 37] has the form of
IV. NUMERICAL RESULTS
A. Input parameters
For calculating the wave function at the origin of the five potentials [38] , we adopt the scale parameters Λ MS as Λ
GeV, Λ n f =6 MS =0.0938 GeV [39] . The quark mass is adopted as the values of the constituent quark mass of the |(QQ ′ )[n] quarkonium derived in Refs. [28, 37, 39, 40] . quarkonium], since it is noted that the B.T. model potential has the correction of two-loop short-distance behavior in pQCD [25] . The results for the other four potential models, i.e., the J. model [35] , the I.O. model [36] , the C.K. model [28] , and the Cor. model [24] , will be adopted as an error analysis. 
|(cc)[n]
Mass and potential n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 mc (GeV ) The other input parameters are chosen as the following values [39, 41] : m W =80.399 GeV, m t = 172.0 GeV, |V tb |=0.88. Leading-order α s running is adopted and we set the renormalization scale to be m Bc for |(bc) quarkonium, which leads to α s (m Bc )=0.26, and 2m b for |(bb) quarkonium, which leads to α s (2m b )=0.18. Furthermore, similarly to our previous treatment [18] , we adopt the same constituent quark mass for the same n th-level Fock states [28, 37, 39, 40] . To ensure the gauge invariance of the hard amplitude, we set the |(bQ)[n] quarkonium mass M to be m b + m Q .
B. Heavy quarkonium production via top decays
As a reference, we calculate the decay width for the basic processes t → b + W + . Their decay width can be written as 
|(bc)[n]
Mass and potential n = 1 n = 2 n = 3 n = 4 n = 5 mc (GeV ) [36] 0.071 0.107 0.125 C.K.(n f =3) [28] 0.089 0.230 0.403 C.K.(n f =4) [28] 0.100 0.256 0.444 C.K.(n f =5) [28] 0.115 0.290 0.500 Cor.
[24] 0.111 0.306 0.559 
|(bb)[n]
Mass and potential n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 m b (GeV ) where p stands for the relative momentum between the final two particles in the rest frame of the top quark:
Then, we obtain Γ t→b+W + = 1.131GeV.
The decay widths for the aforementioned quarkonium states through the production channel, t → |(bQ)[n] + QW + , are listed in Table IV with the B.T. potential. Moreover, it must be pointed out that our numerical results for the color-singlet 1S, 1 1 P 1 , and 1 3 P J wave (J = 0, 1, 2) cases agree with those of Ref. [11] under [25, 33, 34] . From Table IV , it is found that, in addition to the ground 1S-level states, the higher |(bQ)[n] quarkonium states can also provide sizable contributions to the total decay widths. For convenience, we have used [nS] to present the summed decay widths of [n 1 S 0 ] and [n 3 S 1 ] at the same nth level, and [nP ] to represent the summed decay widths of [n 1 P 1 ] and [n 3 P J ](J = 0, 1, 2) at the same nth level.
• For |(bc)[n] quarkonium production through the channel t → |(bc)[n] +cW + , the total decay widths for all 2S, 3S, 4S, 5S, 1P , 2P , 3P , and 4P -wave states is 24.8%, 13.5%, 10.1%, 8.2%, 7.7%, 4.5%, 4.8%, and 3.9% of those of B c and B * c . Considering that the LHC runs at the center-ofmass energy √ S = 14 TeV with the luminosity L ∝ 10 34 cm −2 s −1 , one expects that about 1.0 × 10 8 events per year can be generated. Then we can estimate the heavy quarkonium events generated through top quark decays; i.e., 2.2 × 10
, and 8.7×10
3 |(bc)[4P ] quarkonium events per year can be obtained.
• For |(bb)[n] quarkonium production, the total decay widths for all 2S, 3S, 4S, 5S, 6S, 7S, 1P , 2P , 3P , 4P , 5P , and 6P wave states are about 31.9%, 9.2%, 10.3% 9.7%, 8.9%, 7.8%, 15.0%, 6.0%, 5.1%, 5.4%, 5.4%, and 5.1% of those of η b and Υ for t → |(bb)[n] + bW + . At the LHC, i.e., 1.0 × 10
, and summed up, 4.3 × 10 3 |(bb)[P ] quarkonium events per year can be obtained.
To show the relative importance among different Fock states more clearly, we present the differential distributions dΓ/ds 1 , dΓ/ds 2 , dΓ/dcosθ 12 , and dΓ/dcosθ 13 for the mentioned channels in Figs. 2, 3, 4 and 5. Moreover, we define a ratio
where i = 1, 2 and n = 2S, 3S, 1P , and 2P . The curves are presented in Fig. 6 
At the LHC, running at the center-of-mass energy √ S = 14 TeV with luminosity 10 34 cm −2 s −1 , one may expect to produce about 10 8 tt-pairs per year [4, 5] . Then we can estimate the event number of |(bQ) quarkonium production through top quark decays, i.e., 2.0×10 5 |(bc) quarkonium events and 1.0×10
4 |(bb) quarkonium events per year. It might be possible to find B c and Υ through top quark decays, since one may identify these particles through their cascade decay channels, B c → J/ψ + π or B c → J/ψ + eν e with clear signals. Bearing in mind the situation pointed out here and the possible upgrade for the LHC (SLHC, DLHC, etc. [20] ), the possibility to study |(bc) quarkonium and bottomonium via top quark decays is worth thinking seriously about.
C. Decay widths under five potential models
In this subsection, we discuss the uncertainties caused by the bound-state parameters.
These parameters are the main uncertainty source for estimating heavy |(bQ)[n] quarkonium production. In this paper, we discuss the decay widths of |(bc)[n] quarkonium and bottomonium production through top quark decays under five potential models in detail, i.e., the B.T. potential [25] , the J. potential [35] , the I.O. potential [36, 37] , the C.K. potential [28, 37] , and the Cor. model [24] . The constituent quark masses and their corresponding radial wave functions at the origin and the first derivative of the radial wave function at the origin for the |(bc)[n] (n f =3) and |(bb)[n] quarkonium (n f =4) states can be adopted in Tables II and III In the present paper, we only calculate and discuss the decay widths of nS and nP wave of |(bc)[n] and |(bb)[n] quarkonium via the top-quark decays under the five potential models. Yet we believe that the values of the wave functions at the origin of nS, nP , and nD wave of (cc), (bc), (bb) in Tables I, II , and III under the five potential models are helpful for both theoretical and experimental study. 
V. CONCLUSIONS
In the present paper, we have calculated the values of the Schrödinger radial wave function at the origin of |(cc)[n] , |(bc)[n] , and |(bb)[n] quarkonium for the five potential models, and made a detailed study on the higher excited heavy quarkonium production through top quark semiexclusive decays, i.e., t → |(bc)[n] + cW [nobtain the total decay width for |(bQ) quarkonium production through top quark decays as shown by Eqs. (20) and (21) . At the LHC, due to its high collision energy and high luminosity, sizable heavy quarkonium events can be produced through top quark decays, i.e., 2.0 × 10 5 |(bc) quarkonium events and 1.0 × 10 4 |(bb) bottomonium events per year can be obtained. Therefore we need to take these higher excited states into consideration for a sound estimation.
